Abstract. In this paper we give necessary and sufficient conditions for the Cohen-Macaulayness of the tangent cone of a monomial curve in the 4-dimensional affine space. We study particularly the case where C is a Gorenstein noncomplete intersection monomial curve.
The general case
Let A = {n 1 , . . . , n 4 } be a set of relatively prime positive integers. ∈ I(C) is called critical with respect to x i if a i is the least positive integer such that a i n i ∈ j =i Nn j . The critical ideal of A, denoted by C A , is the ideal of K[x 1 , . . . , x 4 ] generated by all the critical binomials of I(C).
The support supp(x u ) of a monomial x u is the set supp(x u ) = {i ∈ {1, . . . , 4}|x i divides x u }.
The support of a binomial B = x u − x v is the set supp(x u ) ∪ supp(x v ). If the support of B equals the set {1, . . . , 4}, then we say that B has full support. Let µ(C A ) be the minimal number of generators of the ideal C A .
Theorem 2.2. ([13]) After permuting the variables, if necessary, there exists a minimal system of binomial generators S of the critical ideal C
A of the following form: CASE 1: If a i n i = a j n j , for every i = j, then S = {x ai i − x ui , i = 1, . . . , 4} CASE 2: If a 1 n 1 = a 2 n 2 and a 3 n 3 = a 4 n 4 , then either a 2 n 2 = a 3 n 3 and (a) S = {x • u 1 ≤ a 1 and/or u 3 ≤ a 3 and there is no x 
(b). is a minimal system of generators of I(C) (up to permutation of indices).
A binomial B ∈ I(C) is called indispensable of I(C) if every system of binomial generators of I(C) contains B or −B. By Corollary 2.16 in [13] every f ∈ I is an indispensable binomial of I(C).
Notation 2.4. Given a monomial x u we will write deg(x u ) := 4 i=1 u i . For the rest of this section we will assume that n 1 < n 2 < n 3 < n 4 . To prove our results we will make repeated use of Theorem 1.1.
Proposition 2.5. Suppose that I(C) is given as in case 1. Let
4 − x z } be a generating set of C A and let 1 ∈ supp(x v ).
In the following cases C has Cohen-Macaulay tangent cone at the origin. (i)
Thus there exists a monomial P such that 1 ∈ supp(P ) and M − P ∈ I(C). Let d 2 ≥ a 2 , then we consider the monomial P = x d2−a2 2
v . We have that M − P ∈ I(C) and also
We have that M − P ∈ I(C) and also
Let d 4 ≥ a 4 , then we consider the monomial
Suppose that d 2 < a 2 , d 3 < a 3 and d 4 < a 4 . There are 2 cases: (1) there exists a binomial
(2) there exists no binomial f = G − H in I such that H divides M . Recall that M − P ∈ I(C), S ∪ I generates I(C) and also 1 ∈ supp(x v ), 1 ∈ supp(x w ) and 1 ∈ supp(x z ). Then necessarily
Suppose that d 2 < a 2 and d 3 < a 3 , then from condition (3) we are done.
Suppose that d 2 < a 2 and d 4 < a 4 , then from condition (2) we are done.
Suppose that d 2 < a 2 , then from condition (2) we are done.
Proposition 2.6. Suppose that I(C) is given as in case 1. Let S = {x
4 − x z } be a generating set of C A and let 1 / ∈ supp(x v ). In the following cases C has Cohen-Macaulay tangent cone at the origin.
Thus there exists a monomial P such that 1 ∈ supp(P ) and
w . We have that M − P ∈ I(C) and also
We have that M − P ∈ I(C) and also 
Recall that M − P ∈ I(C), S ∪ I generates I(C) and also 1 ∈ supp(x w ) and 1 ∈ supp(x z ). Then necessarily x u or/and x v divides M . Let us suppose that
Suppose that d 4 < a 4 , then from the assumption we are done.
The Gorenstein case
In this section we will study the case that C is a non-complete intersection Gorenstein monomial curve, i.e. the semigroup S = {g 1 n 1 + · · · + g 4 n 4 |g i ∈ N} is symmetric.
Theorem 3.1. ( [4] ) Let C be a monomial curve having the parametrization
The semigroup S is symmetric and C is a non-complete intersection curve if and only if I(C) is minimally generated by the set
4 } where the polynomials f i are unique up to isomorphism and 0 < a ij < a j .
Remark 3.2. Bresinsky [4] showed that S is symmetric and I(C) is as in the previous theorem if and only if n 1 = a 2 a 3 a 14 + a 32 a 13 a 24 , n 2 = a 3 a 4 a 21 + a 31 a 43 a 24 , n 3 = a 1 a 4 a 32 + a 14 a 42 a 31 , n 4 = a 1 a 2 a 43 + a 42 a 21 a 13 with gcd(n 1 , n 2 , n 3 , n 4 ) = 1, a i > 1, 0 < a ij < a j for 1 ≤ i ≤ 4 and a 1 = a 21 + a 31 , a 2 = a 32 + a 42 , a 3 = a 13 + a 43 , a 4 = a 14 + a 24 .
Remark 3.3. ([2])
The above theorem implies that for any non-complete intersection Gorenstein monomial curve with embedding dimension four, the variables can be renamed to obtain generators exactly of the given form, and this means that there are six isomorphic possible permutations which can be considered within three cases:
Here, the notation f i = (i, (j, k)) and
l . Thus, given a Gorenstein monomial curve C, if we have the extra condition n 1 < n 2 < n 3 < n 4 , then the generator set of I(C) is exactly given by one of these six permutations.
Remark 3.4. By [13, Corollary 3.13] the toric ideal I(C) of any non-complete intersection Gorenstein monomial curve C is generated by its indispensable binomials.
Let lex − inf be the total order on the monomials of K[x 1 , . . . , x 4 ] which is defined as follows:
where lex order is the lexicographic order such that x 1 is the largest variable in K[x 1 , . . . , x 4 ] with respect to < lex .
} is the reduced Gröbner basis of I(C) with respect to an appropriate lex − inf order.
Proof. Suppose that I(C) is given as in case 1(a). Then
4 . We will prove that S(f i , f j ) G −→ 0 for any pair {f i , f j }. Since lm(f 1 ) and lm(f 2 ) are relatively prime, we get that S(
Thus G is a Gröbner basis for I(C) with respect to lex − inf such that
It is not hard to show that G is a Gröbner basis for I(C) with respect to lex − inf such that (1)
The Apery set Q of the semigroup S relative to {n 1 } is defined by
Using Lemma 1.2 in [5] we get the following. Proof. In this case I(C) is minimally generated by the set
If a 2 ≤ a 21 + a 24 , then we have, from Theorem 2.8 in [2] , that the curve C has Cohen-Macaulay tangent cone at the origin. Conversely suppose that C has CohenMacaulay tangent cone at the origin. Since I(C) is generated by the indispensable binomials, every binomial , where u 2 < a 42 , u 3 ≥ a 3 and u 4 < a 14 , with u 2 n 2 + u 3 n 3 + u 4 n 4 ∈ n 1 + S there exists a monomial N with
Proof. In this case I(C) is minimally generated by the set
Suppose that C has Cohen-Macaulay tangent cone at the origin. Since I(C) is generated by the indispensable binomials, every binomial f i , 1 ≤ i ≤ 5, is indispensable of I(C). In particular the binomials f 2 and f 5 are indispensable of I(C). Therefore both inequalities a 2 ≤ a 21 + a 23 and a 42 + a 13 ≤ a 21 + a 34 hold. By Theorem 1.1 condition (3) is also true.
Conversely, from Proposition 2.5 (iii), it is enough to consider a monomial M = x , where u 2 < a 2 , u 3 ≥ 0 and u 4 < a 4 , with the property: there exists at least one monomial P such that 1 ∈ supp(P ) and also M − P is in I(C). Suppose that u 3 ≥ a 3 . If u 4 ≥ a 14 , then we let P = x . So we have that M −P ∈ I(C) and also deg(M ) < deg(P ) since a 13 +a 14 < a 1 . Similarly if u 2 ≥ a 42 , then we let
. So we have that M − P ∈ I(C) and also deg(M ) ≤ deg(P ). If both inequalities u 4 < a 14 and u 2 < a 42 hold, then condition (3) implies that there exists a monomial N with 1 ∈ supp(N ) such that M − N ∈ I(C) and also deg(M ) ≤ deg(N ).
Suppose now that u 3 < a 3 . Recall that M − P ∈ I(C) and G generates I(C). Then M is divided by at least one of the monomials x ∈ I(C) and also deg(M )
, for some non-negative integers p and q, and therefore the binomial
divides M . But M is not divided by any leading monomial of G with respect to lex − inf such that x 1 > lex x 2 > lex x 3 > lex x 4 . Thus m = u 2 n 2 + u 3 n 3 + u 4 n 4 is in Q, a contradiction to the fact that m − n 1 ∈ S. Therefore, from Proposition 2.5, C has Cohen-Macaulay tangent cone at the origin. Since C has Cohen-Macaulay tangent cone at the origin, there is a monomial M with 1 ∈ supp(M ) such that x a3+a13 3 − M ∈ I(C) and also a 3 + a 13 ≤ deg(M ). Now
arise as a term in the sum
is a term in the sum 5 i=1 H i f i , therefore Q should be canceled with another term of the above sum. We distinguish the following cases:
is divided only by x 
arise in the sum Proof. (=⇒) From Proposition 3.9 we have that conditions (1) and (2) , where u 2 < a 42 , u 3 ≥ a 3 and u 4 < a 14 , with the property: there exists at least one monomial P such that 1 ∈ supp(P ) and also N − P is in I(C). Suppose that u 3 ≥ a 3 + a 13 and let M denote either the monomial x It suffices to consider the case that u 3 − a 3 < a 13 . Recall that G = {f 1 , . . . , f 5 } generates I(C). The binomial N − P belongs to I(C), so N − P = 5 i=1 H i f i for some polynomials H i ∈ K[x 1 , . . . , x 4 ] and therefore N is a term in the sum Proof. From Proposition 3.9 we have that conditions (1) and (2) are true. Suppose first that a 14 ≤ a 34 . Again from Proposition 3.9, for u 2 = u 4 = 0 and u 3 = a 3 + a 13 , we deduce that there exists a monomial M with 1 ∈ supp(M ) such that x − M belongs to I(C), we have that
is a term in the sum
. Then T should be canceled with another term of the above sum, a contradiction. Thus M = x ∈ I(C). Thus a 1 + a 32 > a 3 + a 13 + a 14 − a 34 . , where u 2 < a 42 , u 3 ≥ a 3 and u 4 < a 14 , with the property: there exists at least one monomial P such that 1 ∈ supp(P ) and also N − P is in I(C). Suppose that u 3 ≥ a 3 + a 13 . Let P = x . We have that N − P ∈ I(C) and deg(N ) = u 2 + u 3 + u 4 ≤ u 2 + u 3 + u 4 + a 1 + a 32 + a 34 − a 14 − a 3 − a 13 = deg(P ).
Theorem 3.13. Suppose that I(C) is given as in case 1(b) and also that
It suffices to assume that u 3 − a 3 < a 13 . Since the binomial N − P belongs to I(C), we have that
is a term in the sum 5 i=1 H i f i and it should be canceled with another term of the above sum. Remark that u 2 + a 32 < a 2 and u 4 + a 34 < a 4 . Thus x a42 2 x a13 3 divides −T , so u 3 − a 3 ≥ a 13 a contradiction.
Example 3.14. Consider n 1 = 1199, n 2 = 2051, n 3 = 2352 and n 4 = 3032. The toric ideal I(C) is minimally generated by the set G = {x belongs to I(C).
Proposition 3.16. Suppose that I(C) is given as in case 2(a). Then C has CohenMacaulay tangent cone at the origin if and only if
(1) a 3 ≤ a 31 + a 34 , , where u 2 ≥ a 2 , u 3 < a 13 and u 4 < a 34 , with u 2 n 2 + u 3 n 3 + u 4 n 4 ∈ n 1 + S there exists a monomial N with 1 ∈ supp(N ) such that M − N ∈ I(C) and also deg(M ) ≤ deg(N ).
Suppose that C has Cohen-Macaulay tangent cone at the origin. Since I(C) is generated by the indispensable binomials, every binomial f i , 1 ≤ i ≤ 5, is indispensable of I(C). In particular the binomials f 3 and f 5 are indispensable of I(C). Therefore the inequalities a 3 ≤ a 31 + a 34 and a 12 + a 34 ≤ a 41 + a 23 hold. By Theorem 1.1 condition (3) is also true.
To prove the converse statement, from Proposition 2.6 (i), it is enough to consider a monomial M = x , where u 2 ≥ a 2 , u 3 < a 3 and u 4 < a 4 , with the property: there exists at least one monomial P such that 1 ∈ supp(P ) and also M − P is in I(C). If u 3 ≥ a 13 , then we let P = x . So we have that M − P ∈ I(C) and also deg(M ) ≤ deg(P ). If both conditions u 3 < a 13 and u 4 < a 34 hold, then condition (3) implies that there exists a monomial N with 1 ∈ supp(N ) such that M − N ∈ I(C) and also deg(M ) ≤ deg(N ). Therefore, from Proposition 2.6, C has Cohen-Macaulay tangent cone at the origin.
The proof of the next proposition is similar to that of Proposition 3.10 and therefore it is omitted.
Proposition 3.17. Suppose that I(C) is given as in case 2(a). Assume that C has
Cohen-Macaulay tangent cone at the origin and also a 34 ≤ a 24 .
( , where u 2 ≥ a 2 , u 3 < a 13 and u 4 < a 34 , with the property: there exists at least one monomial P such that 1 ∈ supp(P ) and also N − P is in I(C). Suppose that u 2 ≥ a 2 + a 12 and let M denote either the monomial x It suffices to consider the case that u 2 − a 2 < a 12 . Since the binomial N − P belongs to I(C), we have that N − P = divides −Q, so u 2 − a 2 ≥ a 12 a contradiction. Proof. From Proposition 3.16 we have that conditions (1) and (2) − M belongs to I(C), we have that
is a term in the sum is a term in the sum and also a 2 + a 12 ≤ a 1 + a 23 − a 13 + a 24 . Suppose now that a 13 > a 23 . Note that x 
is a term in the sum and also a 2 + a 12 + a 13 − a 23 ≤ a 1 + a 24 . (1), (2) and (3) , where u 2 ≥ a 2 , u 3 < a 13 and u 4 < a 34 , with the property: there exists at least one monomial P such that 1 ∈ supp(P ) and also N − P is in I(C). Suppose that u 2 ≥ a 2 + a 12 . Let P = x . We have that N − P ∈ I(C) and deg(N ) = u 2 + u 3 + u 4 ≤ u 2 + u 3 + u 4 + a 1 + a 23 − a 13 + a 24 − a 2 − a 12 = deg(P ).
Theorem 3.20. Suppose that I(C) is given as in case 2(a) and also that
It suffices to assume that u 2 − a 2 < a 12 . Since the binomial N − P belongs to I(C), we have that
is a term in the sum Here a 24 = 8, a 34 = 3, a 12 = 3, a 1 = 18, a 2 = 25 and a 13 = 4 < 7 = a 23 . Note that a 3 = 11 < 14 = a 31 + a 34 and a 12 + a 34 = 6 < 12 = a 41 + a 23 . We have that a 2 + a 12 = 28 < 29 = a 1 + a 23 − a 13 + a 24 . Thus C has CohenMacaulay tangent cone at the origin. Remark that x belongs to I(C).
Proposition 3.23. Suppose that I(C) is given as in case 2(b). Then C has CohenMacaulay tangent cone at the origin if and only if
(1) a 2 ≤ a 21 + a 24 and (2) for every monomial x , where u 2 < a 12 , u 3 ≥ a 3 and u 4 < a 24 , with u 2 n 2 + u 3 n 3 + u 4 n 4 ∈ n 1 + S there exists a monomial N with 1 ∈ supp(N ) such that M − N ∈ I(C) and also deg(M ) ≤ deg(N ).
Suppose that C has Cohen-Macaulay tangent cone at the origin. Since I(C) is generated by the indispensable binomials, every binomial f i , 1 ≤ i ≤ 5, is indispensable of I(C). In particular the binomial f 2 is indispensable of I(C). Therefore the inequality a 2 ≤ a 21 + a 24 holds. By Theorem 1.1 condition (2) is also true.
Conversely, from Proposition 2.5 (iii), it is enough to consider a monomial M = x u2 2 x u3 3 x u4 4 , where u 2 < a 2 , u 3 ≥ 0 and u 4 < a 4 , with the property: there exists at least one monomial P such that 1 ∈ supp(P ) and also deg S (M ) = deg S (P ). Suppose that u 3 ≥ a 3 . If u 2 ≥ a 12 , then we let P = x . So we have that M − P ∈ I(C) and also deg(M ) < deg(P ). If both conditions u 2 < a 12 and u 4 < a 24 hold, then condition (2) implies that there exists a monomial N with 1 ∈ supp(N ) such that M − N ∈ I(C) and also deg(M ) ≤ deg(N ). Suppose now that u 3 < a 3 . Then M is divided by at least one of the monomials x , for some non-negative integers p and q, and therefore the binomial M − x divides M . But M is not divided by any leading monomial of G with respect to lex − inf such that x 1 > lex x 2 > lex x 3 > lex x 4 . Thus m = u 2 n 2 +u 3 n 3 +u 4 n 4 is in Q, a contradiction to the fact that m−n 1 ∈ S. Therefore, from Proposition 2.5, C has Cohen-Macaulay tangent cone at the origin.
The proof of the following proposition is similar to that of Proposition 3.10 and therefore it is omitted. Proposition 3.24. Suppose that I(C) is given as in case 2(b) . Assume that C has Cohen-Macaulay tangent cone at the origin and also a 24 ≤ a 34 .
( 1) If a 32 < a 12 , then a 3 + a 13 ≤ a 41 + 2a 32 + a 34 − a 24 .  (2) If a 12 ≤ a 32 , then a 3 + a 13 ≤ a 1 + a 32 − a 12 + a , where u 2 < a 12 , u 3 ≥ a 3 and u 4 < a 24 , with the property: there exists at least one monomial P such that 1 ∈ supp(P ) and also N − P is in I(C). Suppose that u 3 ≥ a 3 + a 13 and let M denote either the monomial x We have that N − P ∈ I(C) and
It suffices to consider the case that u 3 − a 3 < a 13 . Since the binomial N − P belongs to I(C), we have that N − P = divides −Q, so u 3 − a 3 ≥ a 13 a contradiction. Proof. In this case I(C) is minimally generated by the set
If a 2 ≤ a 21 + a 23 and a 3 ≤ a 31 + a 34 , then we have, from Theorem 2.10 in [2] , that the curve C has Cohen-Macaulay tangent cone at the origin. Conversely suppose that C has Cohen-Macaulay tangent cone at the origin. Since I(C) is generated by the indispensable binomials, every binomial f i , 1 ≤ i ≤ 5, is indispensable of I(C). In particular the binomials f 2 and f 3 are indispensable of I(C). If there exists a monomial N = x and therefore, from Theorem 1.1, we have that a 3 ≤ a 31 + a 34 . Similarly we get that a 2 ≤ a 21 + a 23 . Proof. In this case I(C) is minimally generated by the set
Suppose that C has Cohen-Macaulay tangent cone at the origin. Since I(C) is generated by the indispensable binomials, every binomial f i , 1 ≤ i ≤ 5, is indispensable of I(C). In particular the binomial f 5 is indispensable of I(C). Therefore the inequality a 12 + a 43 ≤ a 31 + a 24 holds. By Theorem 1.1 condition (2) is also true.
Conversely, from Proposition 2.6 (i), it is enough to consider a monomial M = x u2 2 x u3 3 x u4 4 , where u 2 ≥ a 2 , u 3 < a 3 and u 4 < a 4 , with the property: there exists at least one monomial P such that 1 ∈ supp(P ) and also M −P is in I(C). If u 3 ≥ a 43 , then we let P = x . So we have that M −P ∈ I(C) and also deg(M ) < deg(P ). If both conditions u 3 < a 43 and u 4 < a 14 hold, then condition (2) implies that there exists a monomial N with 1 ∈ supp(N ) such that M − N ∈ I(C) and also deg(M ) ≤ deg(N ). Therefore, from Proposition 2.6, C has Cohen-Macaulay tangent cone at the origin.
The proof of the next proposition is similar to that of Proposition 3.10 and therefore it is omitted. Proposition 3.32. Suppose that I(C) is given as in case 3(b) . Assume that C has Cohen-Macaulay tangent cone at the origin and also a 43 ≤ a 23 .
( , where u 2 ≥ a 2 , u 3 < a 43 and u 4 < a 14 , with the property: there exists at least one monomial P such that 1 ∈ supp(P ) and also N − P is in I(C). Suppose that u 2 ≥ a 2 + a 12 and let M denote either the monomial x We have that N − P ∈ I(C) and
It suffices to consider the case that u 2 − a 2 < a 12 . Since the binomial N − P belongs to I(C), we have that
is a term in the sum 
Families of monomial curves supporting Rossi's problem
In this section, we give some examples showing how the criteria given in the previous one can be used to give families of monomial curves supporting Rossi's problem in A 4 (K).
Example 4.1. Consider the family n 1 = m 3 + m 2 − m, n 2 = m 3 + 2m 2 + m − 1, n 3 = m 3 + 3m 2 + 2m − 2 and n 4 = m 3 + 4m 2 + 3m − 2 for m ≥ 2 given in [2] . Let C m be the corresponding monomial curve. The toric ideal I(C m ) is generated by the set
Thus we are in case 1(a) of Remark 3.3 and it is sufficient to consider the binomial x m+2 2 − x m+2 1 x 4 , which guarantees that C m has Cohen-Macaulay tangent cone. For each fixed m, by using the technique given in [8] , we can construct a new family of monomial curves having Cohen-Macaulay tangent cone. For m = 2, we have the symmetric semigroup generated by n 1 = 10, n 2 = 17, n 3 = 22 and n 4 = 28. The corresponding monomial curve is C 2 and I(C 2 ) is minimally generated by the set
By the method given in [8] , the semigroup generated by m 1 = 10 + 6t, m 2 = 17 + 9t, m 3 = 22 + 6t and m 4 = 28 + 12t (for t a non-negative integer) is symmetric, we obtain
Substituting all these recursively in Equation (1), we obtain that the Hilbert series of
Since the numerator does not have any negative coefficients, the Hilbert function is non-decreasing. In this way, we have shown that the Hilbert function of the local ring corresponding to the non-complete intersection Gorenstein monomial curve C m is non-decreasing for m ≥ 4.
Appendix
In the appendix we provide results concerning all the cases of Theorem 2.2, except from Case 1. The proofs are similar to those in section 2 and therefore omitted. Let n 1 < n 2 < n 3 < n 4 be positive integers with gcd(n 1 , . . . , n 4 ) = 1. k , where u i < a i , u j ≥ a j and u k < a k , with u i n i + u j n j + u k n k ∈ n 1 + S there exists a monomial N with 1 ∈ supp(N ) such that M − N ∈ I(C) and also deg(M ) ≤ deg(N ).
Example 5.6. Consider n 1 = 49, n 2 = 63, n 3 = 65 and n 4 = 78. The toric ideal I(C) is minimally generated by the binomials f 1 = x Remark 5.7. In the case 2(c) we have that I(C) is generated by the set {x k , where v i < a i and v j < a j , with v i n i +v j n j +v k n k ∈ n 1 +S there exists a monomial N with 1 ∈ supp(N ) such that M −N ∈ I(C) and also deg(M ) ≤ deg(N ).
